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Abstract 



Motivated by the construction of time-periodic solutions for the three-dimensional Landau- 
Lifshitz-Gilbert equation in the case of soft and small ferromagnetic particles, we investigate the 
regularity properties of minimizers of the micromagnetic energy functional at the boundary. In par- 
ticular, we show that minimizers are regular provided the volume of the particle is sufficiently small. 
The approach uses a reflection construction at the boundary and an adaption of the well-known 
regularity theory for minimizing harmonic maps into spheres. 

1 Introduction and statement of the main result 

This work is motivated by the construction of time-periodic solutions for the three-dimensional Landau- 
Lifshitz-Gilbert equation in the case of soft and small ferromagnetic particles. "Small" means that the 
diameter (or three-dimensional volume) of the ferromagnetic sample is sufficiently small and "soft" refers 
to the case where no material anisotropy is considered. In our work [T^] (see also [H]), one of the crucial 
ingredients for the presented analysis is the fact that minimizers of the micromagnetic energy functional 
are regular up to the boundary in the small particle case. It is the aim of the paper at hand to present 
a proof of this fact which is of interest for its own sake. 

The minimization problem under consideration reads as follows: Minimize 



E'liu)^ [ \Vu\^dx + r]^ [ \H[u]\^dx 
Jn Jm 



among all functions u £ H^{Q,S^) = {m S H^{Q,M.^) | |u| = 1 almost everywhere}, where the so-called 
stray field H[u] G i^(M^,E^) is the unique solution of 

div {H[u] + xn w) = 
curli/M =0 



Here, 51 C M'^ is a bounded domain, and 77 > is a parameter representing the size of the particle. We 
remark that the boundary values of minimizers are completely determined by the minimization process 
since we have not imposed additional assumptions for the competing mappings at the boundary. More- 
over, we want to mention that the above problem is a rescaled version of the micromagnetic minimization 
problem and 77 plays the role of a scaling parameter (see [H], [llj). 
Our aim is to prove the following theorem: 
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Theorem (Main result). Let il C R'^ 6e a bounded C^'^ -domain. There exist positive constants 
Vq — Voi^) md Co — Co{fl) with the following property: If Ur, is a minimizer of on H^{fl,S'^) with 
parameter < rj < rjQ, then 

u,^ e H%{n,R^)nC^'^{Ti,R^) and ||Vu,,||l~ < Co?? 

for every 7 S (0, 1), where "N "stands for homogeneous Neumann boundary conditions, i.e., — on 
the boundary dfl of fl with outer normal v. 

Regularity questions for tlie above problem have already been studied in the papers by Hardt, Kinder- 
lehrer [3] and Carbou [5]. The idea in both papers is to consider the non-local term H[u\ in as a lower 
order perturbation of the Dirichlet energy. In view of the pointwise constraint |u| = 1, one therefore 
expects similar results as in the case of minimizing harmonic maps into spheres. 

Carbou studied in [2] stationary solutions of the Euler-Lagrange equation for i?'' in the spirit of 
stationary harmonic maps into spheres. It is shown that these solutions are smooth in the interior of 
except for a set of vanishing one-dimensional Hausdorff measure. The proof follows ideas taken from 
the work by Evans [6] and uses a monotonicity formula combined with the TH} — BMO duality. See also 
Bethuel [Ij or the book by Moser [TS] for stationary harmonic maps into general target manifolds. In [5], 
regularity results for minimizers of E^ are also stated, and it is shown that the singularities of minimizers 
are isolated in fl. However, no results concerning boundary regularity have been derived in [5]. 

Hardt and Kinderlehrer, using the notion of almost minimizers, have shown in [3] that minimizers 
of E^ are smooth in the interior of J7 with the exception of a finite number of singularities. Their 
proof involves modifying partial regularity theory for minimizing harmonic maps as given in the work 
by Hardt, Kinderlehrer, and Lin [10] . Moreover, it is shown in [9] that minimizers are Holder continuous 
near the boundary, provided r2 is a Lipschitz domain that satisfies a certain additional assumption which, 
roughly speaking, "excludes cusps but not corners" (see [9] for details). It is also shown that the set 
of singularities is completely empty in the interior of for 77 > small enough. But we remark that a 
higher regularity result for minimizers up to the boundary, namely differentiability, is not stated in [5]. 
Moreover, we want to point out that we have not found a reference which proves higher regularity at 
the boundary for minimizers of E^ . One would expect such an implication in view of known results for 
minimizing and stationary harmonic maps into general target manifolds. 

In the work by Duzaar and Steffen [5] (see also [1]), a partial regularity result up to the boundary 
is proved for mappings u : A4 ^ Af {M., Af are Riemannian manifolds) which minimize the Dirichlet 
energy with respect to the free boundary condition m(S) C S. Here, S C dA4 is a relatively open subset, 
and iS C is a submanifold. A generalization to the case of stationary harmonic maps with a free 
boundary condition is given in the work by Scheven |18] (see also [H])- 

The general idea in [5] and [18] is to use a reflection construction at the boundary in order to establish 
a situation which is similar to the setting in the interior. In the case of energy minimizers, one can then 
follow the ideas by Schoen and Uhlenbeck To be more precise, a monotonicity formula at the 

boundary is derived, and a small-energy-regularity theorem is proved by means of a refined version of 
the "harmonic replacement" idea. Moreover, a special coordinate system is introduced in [5^ and [18J in 
order to obtain differentiability up to the boundary. Here we also want to point out that the methods 
used in [9] are quite different from the ones used in [5] and [18]. 

In the book by Simon [20' , a simplified proof of the small-energy- regularity theorem for minimizing 
harmonic maps u : O — A/" is presented. Here, fl is an open subset of the Euclidean space, and M is 
a compact Riemannian manifold. The strategy is to apply the monotonicity formula combined with a 
lemma by Luckhaus to obtain the reverse Poincare inequality for energy minimizing maps. This together 
with the so-called harmonic approximation lemma enables the author in [20] to prove the small-energy- 
regularity theorem by means of the Morrey-Campanato theory. 

In this paper we combine the ideas from [S], [S], [TH], and [5D] to prove a higher regularity result for 
minimizers of E^ up to the boundary. More precisely, we introduce in Section [2] the concept of "almost 
minimizers" and use the reflection method to rewrite the minimization problem at the boundary. In 
Section |3l we establish the monotonicity formula (Lemma 13. 2p which is used in Section [4] to prove the 
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reverse Poincare inequality (Lemma 14. 2|) . These results and the technique of harmonic approximation 
are used in Section [5] to prove Holder regularity under a small-energy assumption (Lemma 15 .41) . In 
Section [6] we improve this regularity result and obtain a small-energy-regularity theorem which is also 
valid at the boundary (Theorem 16. II) . Finally, we use a covering argument to complete the proof of the 
main theorem. 

In the following, we use the short hand notation J^^ • = J^^- dx which always means integration with 
respect to the Lebesgue measure. 



2 Almost minimizers and the reflection method 

Euler-Lagrange equation. The existence of minimizers for i?'' follows with the help of the direct 
method of the calculus of variations and the compact embedding H^{^l) ^ L^(ri). Moreover, we can 
calculate the Euler-Lagrange equation for the energy functional as in the case of minimizing harmonic 
maps into spheres. 

Lemma 2.1. Let u,j G H^{fl,S^) be a minimizer of E"^ . Then we have 

/ Vu,f : Vip — / |Vu,,P Uri ■ if + if I Uri ■ H[Uri\ Ujj ■ ip — Tj^ H[u,j] ■ (f — 

Jn Jn Jq Jn 

for all test functions f G Co(M^,]R^). 

Proof. For convenience we write u — and define for a given Lp £ Cq (M'^, M^) the comparison function 

u + tip 



Ut 



\u + tip\ 



for t € (— e, e), where e > is sufficiently small. We remark that ut belongs to the set of admissible 
functions H^{n,S^) and uq — u. Since u is a minimizer for E"^ , we conclude that E^{uo) < E^{ut) for 
all t e (— e,e). This in particular implies that ■^E^{ut)^^_^ = 0. A straightforward calculation as in the 
case of minimizing harmonic maps into spheres (see for example |20j ) combined with the identity 

/ H[v] ■ H[w] = - I H[v] ■ w 
for all v,w G L^{^, K^) gives the result. The lemma is proved. □ 



Almost minimizers. As already announced, we use the notion of almost minimizers from [9, in order 
to handle the non-local term H[u] in E'^ . Therefore, we define for a given subset J7 C the diameter 
d{U) of U by d{U) = sup^ y<£u\^ ~ vl- show that minimizers of E^ are almost minimizers of the 

Dirichlet energy: 

Lemma 2.2. For every a £ (0, 1) there exists a constant C = C{a, Q) such that 

I |Vwj2< I |Vi;|2 + C'r;2d([/)i+2" 
Jnnu Jnnu 

for every minimizer of E^ and every v G H^{fl, S'^) whenever v = Ur^ on fl\U for an open subset 
U CC R3. 

Proof. Let Utj be a minimizer of i?'' and let v G H^{n, S'^) be such that v — Ujj on n\U , where U CC M.^ 
is on open subset. Since u,j is a minimizer, we obtain the estimate 
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Furthermore, we have that 

/ f \H[u^]\''^ f H[v + u^]-H[v-Ur,] = - f H[v + u^]-iv-u^) <2 f \H[v + u^]\. 

JR3 JR^ Jnnu Jnnu 

Now, we write p = 3/(1 + 2a) and apply the Holder inequality to find 

\H[v]\'- f \H[u,]\^ <CdiUy+^''\\H[v + u,]\\p, <C{a,n)d{Uy+^\ 



where we have used that is a bounded and linear mapping from L'^{n,R^) to L'^(]R'^, M'') for every 
1 < q < oo. The latter statement follows directly from the representation formula for H via the Newton- 
potential (see for example Praetorius [161 Theorem 5.1]). The lemma is proved. □ 

Choice of coordinates at the boundary. In order to obtain a higher regularity result for minimizers 
up to the boundary, we need a suitable smoothness condition for Therefore, we assume in the sequel 
that the domain C is a bounded C^^^-domain. 

Definition 2.1. A bounded domain f2 C M'^ is called C'^'^ -domain if for every point xq G dfl there exist 
an open neighborhood Uq of xq in M"^, an affine transformation Tq^ — i?oC + bo (Rq G 50(3), 6o G ^^), 
and a C^'^ -mapping go : (Tq{Uo)) M such that the following equivalences hold true for x G To{Uo): 

X S To(r2) <t4> 2:3 > go(a;i, X2) and x e To{dft) <^ X3 — go{xi,X2). 

In particular, the boundary of fl is locally the graph of a C^'^ -function, and ft is locally located on one 
side of the boundary. 

With the help of the inverse mapping theorem, we now construct parallel coordinates at dil. These kind 
of coordinates have also been used in [5], [18] and enable us to prove the differentiability of minimizers 
up to the boundary. In the following we write Bj^ — Bj^(0), 

B^ = {{xi,X2,X3) e Br\x3 > 0}, and = {(xi, X2, 2:3) G -B/? | X3 < 0} 

for every R> 0. Furthermore, we write x' = (xi,X2; —x^) for every x = {xi,X2,X3) G M'^. 

Lemma 2.3. For every point xq E dil there exist an open neighborhood Uq of xq in M.^ and a C^- 
diffeomorphism -ipQ : Uq ^ Bn such that the following holds: We have ^jq(xq) = 0, V'f/'o Lipschitz 
continuous, and 

M^r]Uo)^B+, Md^(^Uo) = Br niR^ X {0}), ^o{^^ nuo) = B^. 



Furthermore, the matrix valued function A : Br -^M.^^^ defined by 
A{x) 



,J \detV^o\x)\{ V^Po\x))-' ifx3>0 
^|detVV'o"'(x')| diag(l,l,-l)(VV^o~'(a^'))"' tf xs < 



satisfies the following properties: 

(i) AA'^ is Lipschitz continuous on Br with Lipschitz constant L > 0. 

M ^\^? < A(a;)A(a;)^^ • ^ < for all ^ e and all x G Br, where /3 > is a constant 

independent of ^ andx. 

(Hi) M = supjjg^^ I A(a::)^-'- 1 < 00 and N — swp^f:Q^\A{x)\ < cxd. 
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Proof. Let xq G d^l and let Uq, Tq, and go be as in Definition 12.11 Without loss of generality, we can 
assume that To{xo) = 0, go{0) = 0, and Vgo(O) = (apply an affine transformation if necessary). We 
now define the mapping 



(^0 : 7rR2(ro(C/o)) xM- 



{xi,X2,X3) {xi,x2,go{xi,x2)) + X3{~ digo{xi,X2),-d2gaixi,X2),l) 



Obviously, (po is of class C^, <y3o(0) = 0, and V(/3o(0) = I- Thanks to the inverse mapping theorem, we 
can find an open neighborhood Vq of in M.^ and a radius R > such that ipQ : Bb, -> Vq C Tq{Uq) is 
a C^-diffeomorphism. After choosing a smaller radius i? > 0, we also obtain for x — (a;i, a;2, a^s) G -B_r 

that (/3o(a:^i,a;2,a;3) S To{n) if > 0, (^o(a;i, 2:2, 2:3) e T'o(ari) if X3 = 0, and ipo{xi,X2,X3) G To(ri ) if 
X3 < 0. Moreover, one easily verifies that 



( 1 + (92.90) 



(V(/?o(a;i,x2,0)) ^=r(a;i,X2) 



'digo 82 go 9i.go 



V 



-digad2ga 1 + (9i.go) ^230 
-9i.go -^250 1 



for every (a::i,a;2,0) G -B/j, where on the right hand side 9i5oj i925o have to be evaluated at {xi,X2) 
and the function T{xi,X2) is given by T{xi,X2) = (l + {digo{xi,X2)Y + ip2go{xi,X2)Y) ^. Another 
elementary calculation shows that 



* * ^ 



{Vipo{xi,X2,0)) V(V(^o(a;i,a;2,0)) ^ 



* * 
0* 



(1) 



where the matrix entries with "*"are not specified in detail. We now define 



and 



Br- 



Then the function ip^ satisfies all stated properties after choosing a smaller radius i? > 0. For properties 
(ii) and (iii) we use standard compactness arguments, and regarding property (i) we remark that 

A{x)A{xf = |det V(^o(a;)| {V M^T^i"^ M^T^Y 

for a;3 > and 

A{x)A{xf = |detV(po(2:')l diag(l,l,-l)(V^o(a;'))"'((V^o(a;'))"')^diag(l,l,-l) 

for 2:3 < 0. The Lipschitz continuity of Vgo s^nd V'^go implies that Vipa is Lipschitz continuous as well. 
This combined with ([T]) guarantees the Lipschitz continuity of AA-^ on the whole ball B^. The lemma 
is proved. □ 



The reflection method. In the sequel we fix a point xq G dVl and choose the corresponding co- 
ordinates ipo : Uq ^ Br from Lemma 12.31 For a given minimizer it,, of E"^ ^ we define the function 
Ur,&H\BR,S^)hy 



Unix) 



Uri O i'o'^ix') 



if 2:3 > 
if a;3 < 
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for X e Bn. This means that we first flatten the boundary of fl near xq and then define on the whole 
ball Bji by reflection with respect to the hyperplane x {0}. We also define 



H[Ur,]{x) 



' H[u^]oip-\x)\det\/ipo^{x)\ ifa;3>0 
H[u^] o ^p-\x')\detV'tlj^'^{x')\ if < 



for X G Br. With the help of the transformation formula, we see that H[urf] belongs to Lp{Bii,M.^) for 
every 1 < p < oo. In the next two lemmas, we reformulate Lemmas 12.11 and 12.21 for on Br. 

Lemma 2.4. The Euler- Lagrange equation for It^ on Br reads as 

= / Vm^A : V^A — / I Vw^Aj^u^ • ^ + 7/^ / u^^ ■ H\uri]uri ■ Tp — I _ff [u^] • ^ 

for all test functions Tp G G^{Bji, M"^), where the matrix valued function A is defined as in Lemma \2.3[ 

Proof. For a given ^ e C^(i3_R,, M^), we define ip = Tp o x/^q £ Cq(]R^,R^) with suppcp C Uq. Lemma HH] 
implies the identity 



0— VUri'.y^p— j IVu^l Urf ■ (p + rj / ■ H [Urf] Urf ■ ip — rj / H[Uri]-ip. 

JnnUo JnnUo JnnUo JnnUo 

From here we obtain that 

= / Vu,,A : V^A - / \Vu,fA\'^u,f -Tp + rj'^ / It,, • [it^] • ^ — 77^ / H[u,^]-lp, 
Jb+ Jb+ Jb+ Jb+ 

where we have used the transformation formula and tpoi^ H Uq) = B'^. Instead of ^, we can also use 
the test function Ip G C§°{Bji,M.'^) defined by ^{x) = ^(x') for x G Br. Another application of the 
transformation formula leads to the same identity for u,, and ^, but this time with integrals taken over 
B^. The lemma is proved. □ 

Similarly, we find the following lemma: 

Lemma 2.5. For every a G (0, 1) there is a constant C ~ C{a, Q) such that 



[ |VtI^A|2 < [ \VvAf + Crj^d{Uy 
Ju Ju 



for every function v G H^{Br, S"^) whenever v — on Br \ U for an open subset U CC Br. 

Proof. Let v G H^{Br, S*^) be such that v — 11,^ on Br \ U for an open subset U CC Br. We set V — 
ijjQ^{U) CC Uq and choose a function ip G C^{Uo) with ip = 1 on V. Since f2 is a bounded C'^' ^-domain, 
we can extend to a function in iJ^(M'^, M'^). We now define the functions v = v o ipQ £ H^{Uo, S"^) 
and w — (pv + {1 ~ 'p)u^ G i/"'^(M'^,K'^). From this definitions we read off that w G H^{Vl, 5^), w ^ v on 
n y, and w = u,, on \ V . Therefore, we obtain from Lemma [2.21 the estimate 



Jnnv Jnnv 
An application of the transformation formula shows that 

/ |Vu„|2^/ \yu^\''oyj-'\detyiPo'\^ [ |Vu„A| 
Jnnv JBtnu JBtnu 
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where we have used the identity V(w^ ° V'o ^) — ^Ur, o "00 ^ ^V'o ^- the same manner we obtain 

Thanks to the Lipschitz continuity of ^q"^ with Lipschitz constant C, we have the estimate diy) < Cd{U), 
hence 



/ \Vur,Af < f |VTJA|2 + C?72d(C/)i+2" 

JBtnu JB+nU 



Instead of v, we can also use v G H^{Bfi, S^) defined by v{xi,X2, X3) — v{xi,X2, —X3). In particular, we 
have V = Uri on Br \ U , where U = {(a:i,X2,a;3) S M'^ | (xi,a:2, —xz) S U^. This shows 

/ |Vu„A|2</" |VfA|2 + Cr72rf(C/)i+2". 

JB-^ntj JB+nU 

The transformation formula and d{U) = d{U) imply the estimate 

/ |Vu„A|2</" |VtJA|2 + C772rf([/)i+2". 

JB-nu JB-nu 

The lemma is proved. □ 

In view of Lemmas 12.11 [2?2| 12.31 and 12.51 we formulate the following assumptions: 

Assumption (Al). The set il cM.^ is a bounded domain, and the matrix valued function A : $7 — > M.^^^ 
meets the following conditions: 

(i) AA^ is Lipschitz continuous on Vl with Lipschitz constant L > 0. 

(a) ^I^P < A(a;)A(a;)"^^ < /3 |CP for all ^ G R'^ and all x G ft, where (3 > is a constant independent 
of ^ and X. 

(Hi) M = sup^gs;2|A(x)^"'" I < 00 and N = sup^g5-^|A(x) | < 00. 
Furthermore, the function u G H^{fl, S'^) satisfies the estimate 



[ |VwAp < [ \\/vAf + Crj^d{Uy 
Ju Ju 



for every a G (0, 1) and every comparison function v G H^(fl, S'^) whenever v = u on n\U for an open 
subset [/ CC ri. Here, the constant rj > is fixed, and C = C(a) > depends only on a. 

Assumption (A2). Let u and A be as in (Al). There is a function f G ni<p<oo L^{^^^^) such that 

= / VuA : V^A - / iVuApu ■ Lp - rf j f ■ ip 
Jn Jn Jn 

for every tp G C^{n,m?). 

Remark. In the sequel we say that a constant C depends on the "typical parameters" if C depends only 
on L, M, N, P, d{n), and certain L^-norms of f . 
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3 The monotonicity formula 

In this section wc prove the monotonicity formula for functions which satisfy assumption (Al). First, 
we derive a monotonicity formula for points a € fl with A{a)A{a)^ = I, and afterwards, we use a 
coordinate transformation in order to obtain the result for arbitrary points. 

Lemma 3.1. Suppose u and A satisfy (Al) and a G fl is a point such that A(a)A(a)^ = /. Then the 
mapping 



'St (a) 



t 



is monotone increasing for every a G (0, 1), where the constants c, C > depend only on a,L,M, and 



Proof. As in the case of minimizing harmonic maps into spheres, we define the comparison function 

ut{x) 



u{x) if X G^\Bt{a) 



for a; G O and t > 0. In particular, we have Ut = u on fl \ Bt{a) and Ut € S'^). Moreover, we find 

for the derivative Vut the identity 

„ f X — a \ f t , [x — a) ® [x — a) 
Vut{x) = Vu{a + t— -][— — -J-t^ 

for every x e Bt{a). Thus 



X — a\ / \ \x — a 



[ |VutA|2 = / / Vu{x){I - i^{x) (g) i^{x))A (Ux - a) + a) 

JBt(a) Jo JdBtia) ^ 



2 



do{x) dr , 



where i'{x) = {x — a)/\x — a\ is the unit outer normal of dBt{a) at a; e dBt{a). In the sequel we use the 
abbreviation B = B(a;,r) = A — a) + a) for x G dBt{a) and Q <r <t. Furthermore, we use the 
identity A:CD = AD^ : C for all A,B,C e R^^^ g^j 

I Vw(/ -V® v)'B\^ =VwBB^ : Vu - 2VuBB^ : Vuv ®v + Vuv ® i/BB"^ : Vuv v . 

By introducing AA^ = A(a;)A(a;)^ and I, we obtain the following decomposition: 

\Wu{I -V® iy)B|2 =|VuA|2 ^ VuCBB"^ - AA^) : Vu - 2Vu(BB'^ - I) : Vuv v 

- 2Vu : Vuv (g) + Vuv <S> !/(BB^ - 7) : Vuv ®v+ \Vuv ® . 

We have M = sup^^^\A{x)-^\ < oo, jBB"^ - /| < Lr , and |BB^- AA"^] < L{t-r) on dBt{a), 
thanks to the properties of A. Moreover, a simple calculation shows that 

\Vuu (g) i/p - 2Vw : Vuu tSiu <0. 

A combination of these facts yields the following estimate: 

|Vu(/ iy)B\^ < iVuAp + Lt\Vu\^ + 2Lr|Vwp < |VuAp + LM^tlVwAp + 2LM'^r\VuA\'^ . 

In particular, we obtain 

/ I'^UtAf < {1 + 2 LM'^t)t [ |VuA|2 do(a;) . 

JBtia) JdBtia) 
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Since Ut is an admissible comparison function, we obtain from (Al) the inequality 
/ \VuA\^ < {1 + 2 L t) t iVuAl"^ do{x) + C r]"^ 

JBt(a) JdBt(a) 

where C = C{a) > 0. Rearrangement leads to 

0<{l + 2LM^t)(t I \VuA\^ do{x) - I |VuAp 

V JdBt(a) JBt(a) 



\ + 2LM^t JB,(a) 1 + 2LMH ' 



In particular, we have that 



0<t [ \VuAfdo{x)-[ \\7uAf + 2LM^t [ I'^uAf + Ctj^ t^+^°' 

JdBt{a) JBtia) J Bt{a) 



We now introduce the constant c = 2L AP and multiply by i ^ * in order to obtain the following 
estimate: 



0< ^fe^*i / |V7/Ap + Ce='^("),^2^2aA 



t(a) 

The lemma is proved. □ 

With the help of an afhne coordinate transformation, we obtain the monotonicity formula for arbitrary 
points. Since the proof is rather straightforward, we omit the proof here. 

Lemma 3.2. Suppose u and A satisfy (Al). Then for every a G J7 there is an invertible affine trans- 
formation Ta : M."^ — >■ K'^ such that 

ct ^ f |V7^.A|2 I /o^2j.2a 



t^e"'- / |VuA|"+C?7^t 

is monotone increasing for every a € (0, 1), where the positive constants c and C depend on a, but are 
independent of the point a. Furthermore, Ta satisfies Ta{a) = a, 

c< |VT,|, |(Vr,)-i| < C, and c < |det VT,| < C , 

where the positive constants c and C are independent of the point a. 



4 The reverse Poincare inequality 

In this section we apply the monotonicity formula in order to prove the reverse Poincare inequality, 
which marks an important step towards regularity. Before we do so, we need an additional tool that can 
be used to construct suitable comparison maps. More precisely, we utilize a general lemma by Luckhaus 
(see for example [13] or [TJ) in the version stated below. But first of all, we introduce the abbreviations 




for the average of a given function u on a given set B whenever this is well-defined. If i? = Bp(y) is a 
ball, we simply write Uy^p — u^piy)- In the sequel we also make use of the inequality 

/ \u-ub\'< f \n-X\\ (2) 
Jb J b 

where u G L^{B,m?) and A G R^. 
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Lemma 4.1 (Luckhaus). For every A > there exist positive constants Sq = 6q(A) and C — C(A) such 
that the following holds: For every e G (0, 1) and every u G H^{Bp{y), 5^) with 



p^^ |V-ur < A and e'^'p'-^ \u-Uy.pf<6Q 

JB,(y) JB,(y) 

there is a a & (3/4/9, p) and a function w £ H^{Bp{y), S'^) such that w ~ u on dBfj{y) and 
a-^ I \\7w\^<ep-^l \\7u\^ + Ce-^p-^ I \u-UyJ^. 

Jb„{v) JB.iy) JB,{y) 

Proof. The version at hand is taken from [20l Section 2.7, CoroUary 1]. □ 

Under the assumptions of Lemma I3.2[ there exist constants < ci < C2 such that 

BcAa) C Ta{Br{a)) C B,,r{a) (3) 

for every a S f2 and every r > 0. Furthermore, we define cq — Ci/c2 G (0, 1). We can now prove the 
following version of the reverse Poincare inequality: 

Lemma 4.2. Suppose u and A satisfy (Al). Then for every a £ (0, 1) and A > there exists a constant 
C > depending only on a, A, and the typical parameters with the following property: If B2r{xo) C 
is a ball such that r^^ [„ , JVuAP < A, then we have the estimate 



\r-^ Jb,.{xo) J 



Proof. Let a e (0, 1), A > be given and let B2r(xo) C fl he such that r ^ f„ , . [VmAP < A. For an 

^ -tj'2r ) 

arbitrary ball i?s(2/o) C Bcari^o), we can estimate as follows 
1/ |vw|2<^/ iVwAp < A/^e^tf^r' / |VuA|2 + C7y2f-f"y 

sJB^(y,) ^ JT,,{B_^(yo)) ^1 \ ^ 7 J T,, {b _f_ (yo)) ^ 7 J 

where we have used (Al) and ([3]), and Tyg,c,C are taken from Lemma 13.21 Since s/ci < r/c2 and the 
inclusion Briyo) C B2rixQ) holds, we obtain with the help of the monotonicity formula the estimate 

^ ^ \2 ^ ^ [ |V7..A|2, /-<„2„2a 



yuY<- |VuA|" + Cr/V" <A, (4) 

« -iB.iyo) r Jb^A^o) 

where A is independent of xq, ya, r, and s. 

Claim: For every e > there is a Jo = (5o(e, A) > with the following property: If Bs{ya) C Bcarixo) is 
a ball such that 

1 



then we have the estimate 



\U- Uy^^s\ < , 
* JB^yo) 



«-'B,„=(yo) « JB^,{yo) J B^yo) 

where C = C{a, A) is a constant. 

Proof of Claim: Let e > be given and let Si — 5i{A) be the constant from the Luckhaus lemma 
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with respect to A (see Lemma f4.1|) . We now define Sq by Sq = and obtain for an arbitrary ball 
Bs{yo) C Bcor{xo) with Ib,{vo)\'^ ~ "^yo-.s? < '^0 the estimate 

This combined with the Luckhaus lemma and Q implies the existence of a cr G (3/4 s, s) and a function 
w £ H^{Bs{yo), S^) with w = u on dBa{yo) such that 

-/ \Vw\'<-l \Vu\' + ^[ \u-uy,,,s\\ (5) 
where C = C(A) is a constant. Moreover, we obtain by (Al) and ^ the estimate 

With the help of the monotonicity formula (see Lemma [3^ . and the fact that s/2 < a, we get the 
estimate 



i/ |Vu|2 < ^ / |VuA|2+C77V2" 

^JB,s{yo) JbAvo) 



In view of (Al), we define the comparison map v E H^{fl, 5^) by 

v{x) 



u 



w{x) if x e -Bcr(yo) 



and obtain together with ([5]) that 



The claim is proved. 

If now Bs{yo) C Bcgr{xo) is a ball such that 



Bs{yo) 



then we obtain together with (U) the estimate 

JB^iyo) A AsyB^^,(,y„) 

A combination of the above estimates shows that 

-/ Nu\'<-f Nu\' + ^f \u~Uy„,f + Cv's''^ (6) 

for all balls Bs{yo) C Bcor{xo)- We still have to choose e > and do this in the following way: First of 
all, we define 

A= {B„\B2a C BcA^o)} and Q = sup cr^ / [Vup . 
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Let now Ba-{x) G ^ be given. There are N points Xi, . . . ,Xn G Ba{x) such that 



N 



B„{x) C |jBcof(a 



i=l 



where N is independent of the special choice of B^{x) G A. We remark that Bc{xi) C B2a{x) C i?cor(a^o) 
for every i G {1, . . . , N} and obtain together with and ^ that 



N 

|2 



2„3+2q 



Jb,{xo) 



Since Ba-{x) e ^ was arbitrary, we conchide 



Q<CeQ + C{e) f \u - + Cr,\^+^" . 

Jb^(xo) 



Now we choose e = 1/(2C) in order to find 

Q<C( I |z,-^,„,,|2+^2^3+2« 

The lemma is proved since Bca^{xQ) ^ A. □ 

With the help of the monotonicity formula, we easily obtain the following corollary: 

Corollary 4.1. Suppose u and A satisfy assumption (Al). Then for every a G (0, 1) and A > there 
is a constant C > depending only on a, A, and the typical parameters with the following property: If 
Bsrixo) C is a ball such that ^ Jg^ j^^jjVuAp < A, then 

for all y G B^ixo) and < s < Cgr. 

5 Holder regularity 

In this section we prove the Holder regularity for functions u which satisfy assumptions (Al) and (A2). 
For this we make use of the well-known Campanato lemma (see [7] or [50] for a proof): 



Lemma 5.1 (Campanato). Let v G L {B2r{xo)) with B2r{xo) C M , a G (0, 1), and (3 > be such that 

JB,(y) 

for all y G Br(xo) and all < p < R. Then we have v G C'^'°'{B]i{xo)) and 



\vix)-v{y)\<Cf3 
for all x,y £ Bii{xq), where C depends only on a. 



R 
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In order to obtain the necessary decay estimate, we apply in the fohowing the technique of harmonic 
approximation. This technique goes back to Simon and was, for example, used to simplify the original 
proof of the small-energy- regularity theorem for minimizing harmonic maps (see |20j). The idea is to 
compare functions which are "approximately harmonic" with harmonic functions. A generalization to 
elliptic bilinear forms is given in the paper by Duzaar and Grotowski 3 as stated in the special version 
below. For a bihnear mapping A : M''^'^ x M''^-^ — > R, we caU a function w G i/^(i?p(a;o), M^) with 
Bp{xo) C R'^ "^-harmonic" if it satisfies 

A{\7w,Vip) = 

Bp{xo) 

for aU ifi e C^{Bp{xo),R^). 

Lemma 5.2. Consider a fixed positive /3 > 0. Then given e > there exists a constant C — C(/3, e) > 
with the following property: For every bilinear mapping A '.M!^"^ xR'^^'^ — ?>R satisfying 

AiB,,B,)>^\B,\\ |^(Bi,B2)| </3|Si||B2|, B,, B^ eM.^""^ , (7) 

for every Bp(xq) C M^, and every function v e H^{Bp{xQ),M.'^), there exists a A-harmonic function 
w e H^{Bp{xa),M:^) such that 

[ |V«;|2 < f |Vw|2 



and 



^eCo"(Bp(xo),R3), \\V^\\l^<p 



-1 



p-^ \ \w-v\^] <Csnp<p-^ AiVv,Vip) 

JBp(xo) J I JBpixo) 

V JBpixo) 

Proof. This is a special version of [3i Lemma A.l]. We remark that the mentioned Lemma A.l in 3 is 
- according to the authors - a reformulation of Lemma 2.1 in the same paper due to M. Giaquinta. □ 

We also recall the Campanato estimate for ^-harmonic functions (see [71 III, Theorem 2.1]): 

Lemma 5.3 (Campanato estimate). Let A : R^^^ x R-^^-^ — > R &e a bilinear mapping satisfying ([7]). 
Then there is a constant C > depending only on /? such that 

Bpixo) JBr{xo) 

for every A-harmonic function w on Bj^{xo) C M"^ and < p < R. 

We are now prepared to prove the following lemma in the spirit of '20'. 

Lemma 5.4. Suppose u and A satisfy assumptions (Al) and (A2). Then for all A > and a £ (0, 1) 
there exist positive constants Sq, Rq, and C depending only on a, A, and the typical parameters with the 
following property: If B^ri^o) C is a ball with < r < Rq such that 

^ I ' — |2 ^ r2 7 1 / |v7„, A |2 



r3 

then u G C"^"(Bcar(a;o), M^) and 



u — Uxo,2r\ < 5q and - I |VwA| <A. 

B2r{xo) ' JBs^ixo) 



|M(a;) -u(y)| < Cmax<{ ^ / \u -Ux„^2rf,ri^r^" 

Jb^A'xo) J V Cor 



for all x,y £ Bcgrixo)- 
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Proof. Throughout the proof, A > and a G (0, 1) are fixed, and B^rixo) is a ball contained in il such 
that - f„ , JVuAP < A. Furthermore, let y G Br{xo) and < p < Cqt be arbitrary, but fixed. In 

T J Jj3 J- ( Xq J 

view of Lemma [5.21 we consider a test function (p £ {B^g^{y),M.^) such that ||V(/3||l°o < l/(cop/2). 
This in particular implies that < 2. By (A2) and the standard freezing coefhcients device, we 

obtain 



/ VuA{y)A{yf ■.Vip= j \/u{A{y)A{yf - AA'^) : Vip + [ \VuA\^u-ip 



"0 2 
2 



B p{y) 

"0 2 



= h 



The Lipschitz continuity of AA'^ and the Holder inequality imply that 



|/i|<ico|||V^IUo 



IVwl < c 



Since N = supj.gQ|A(a;) | < oo, we obtain for I2 the estimate 

|VwA|2 < 2iV2 



< M 



B p (y) 



B p (y) 



Regarding I3 we apply the Holder inequality with p — 3 /(2a + 1) in order to find 



\h\<v'\ML^ 



|/|<2r;2|i?,„^(y)|^| 



, < 



2a+l 



A combination of the above estimates together with the reverse Poincare inequality (see Corollary I4.ip 
implies 



VuA{y)A{yf : Vip 



B p (y) 



Bpiy) 



Bp(y) 



I — |2 I 2 2 

\u-Uy^p\ +-q p 



for all (/3 S C^(i?c(,£(y),R'^) with ||V<y9||Loo < l/(cop/2), where C is a constant depending only on a, 
A, and the typical parameters. Let now e > be given (will be chosen later), and let Cf > be the 



corresponding constant from Lemma 15.21 with respect to the bilinear mapping Ay 



5x3 



b3x3 



defined by Ay{Bi,B2) = BiA{y)A{yY : B2 for Bi,B2 G W''-^. Thanks to (Al), the constant C, can 
be chosen independently of y G il. We find a ^y-harmonic function w G i?^ (ScqS (y), R'^) such that 



/ |Vwp < / |V 

JB^^p{y) Jb_ p(v) 



(8) 



and 



\u-w\^ <C^p^ 



T7 |2 



P JBp{y) 



2 2a 
V P 



\u-Uy,p\^ ^-q'-p- 



2 „2a 



P J Bpiy) 



B P (y) 
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With the help of the reverse Poincare inequahty, we obtain the estimate 

VP JBJy) / 



^P -iB.iy) 

For 6 G (0, 1) (will be chosen later) we have together with ^ that 

The Campanato estimate (see Lemma 15. 3p combined with the Poincare inequality, , and the reverse 
Poincare inequality implies 

^ JB.^^Ay) \P Js.iy) J 

A combination of the above estimates shows that 

(s^a^y^ I \u^uy,e„ .\'' <{c,e-''p' + c,e-H^ + ce-^^ + ce^)i\ 

^ ^' JB.^^^iy) 

where P — max{^ Jg j-^^lu — w^^pp , rfp^"^^. We introduce n = k{6) — co9/2 e (0,co/2) and obtain 
{kp)-^ [ \u- u,y,„pp <(C,K-V^ + C,K~^I^ + CK~^e^ + Ck2) /2 . 

JB^,{y) 

We now choose k and e: We first choose k G (0,co/2) such that Ck^ < k^"/4 and then choose e > 
such that Ck^^e^ < k^"/4. This in particular implies that the constant is fixed. We introduce the 

abbreviations Ri = min {{k^+^'^ /{iCe))^ , (k3+2"/(4C0) ^ } and Sf = k^+^" /(iCe). If we assume that 
the radius p is such that p < Ri and ~ %,pP — ^i' then (w.l.o.g. »7 < 1) 

{npy^ I |u - Uy.Kpl^ < K^" max I — / \u -Uy,pf , rj'^ p"^" 

JB^.iy) VP JB.iy) 

We start an iteration process: Obviously, we have up < Ri and {i^p)~^ (j,) I" ~ ^y,«;pP ^ ^i- This 
means that the same assumptions are also satisfied for y and up. An induction argument shows that 

2 ^ ,,2fea_„, f 1 / L, TT |2 „2„2a 



('t p) / |w-Uj^„fcpr < K^'^^max*^ — / |u - Uj/.pp , ?7>- 

JB^k^(y) VP JB.iy) 

for all e No, y G -Br(a;o), and < p < cor, provided p < Ri and ^ — Uj^,pP < S\. We now 

define i?o — Ri/cq and = c^Sl and assume that 

r < i?o and ^ / |u - ?I:Eo,2r|^ < (^o ■ 



B2r{xa) 



In particular, the above estimate is true for every choice of y G Br{xQ) and p = cqv. For a given 
a G (0, cqt] there is a fc G No such that k'^+^cq?' < ct < K'^cgr, hence 



-4-/ |u - Uj^.crP < C'f — ) max|4r / \u - Uxo,2r\'^ , v'^r 



|2 ^2„2a 



An application of the Campanato lemma (see Lemma |5. II) yields the desired result. □ 
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6 Higher regularity 

With the help of Lemma 15.41 we can now prove the small-energy-regularity theorem: 

Theorem 6.1. Suppose u and A satisfy assumptions (Al) and (A2). For every A > there are positive 
constants 6o, Rq, and C depending only on A and the typical parameters with the following property: If 
Bsrixo) C ^ is a ball with < r < Rq such that 

4r / |U - Ma:o,2rP < and - [ |V'uAp<A, 



then u e H^{B0r{xo),R^) n C^-'' {Bgr{xo),R^) for every 7 G (0, 1), where the constant 9 E (0, 1) depends 
only on cq. Moreover, we have the estimate 



1 



r sup |Vu| < Cmax / \u — Uxo,2r\'^ , v'^r 



Proof. Let A > be given and define a — 11/12. We find positive constants Sq, Rq, and C as in 
Lemma 15.41 with respect to A and a. Let now B3r{xo) C 51 be a ball with radius < r < Rq 
such that /g^ (j.jj) I" — W2;o,2rP < and ^ J^^ j^^jjVuAp < A. This in particular implies that 
M G C°'"(Bcor(a;o'),K^) and 

\u{x)-u{y)\<ClQ(^-^^y (9) 
V Cor / 

for every x,y € Bcor{xo), where Iq = maxjp- J^^ (2:0) I" ~^xo,2r\'^ , rfr'^"}^ . In the sequel we show that 
Vit belongs to C°'^ for 7 = 6/71 on a ball centered at xq. Let therefore y G Bco^{xq) and < p < Cgr/4 
be given and consider the unique solution w G H^{Bp{y),M.^) of 

div {VwA{y)A{yf) =0 in Bp{y) 

w — u on dBp{y) . 

An application of 7, III, Proposition 2.3] implies the estimate 

sup \w\ < C sup \u\ = C , (10) 
Bpiv) dBAv) 

where, thanks to (Al), the constant C is independent of the special choice of y G In particular, we 
have w G H'^ [Bp{y),R^) n [Bp{y),R^) , and wc obtain with the help of assumption (A2) that 



/ (Vu - Ww)A{y)A{y)'^ : \Jip 
JbAv) 

I S/u{A{y)A{yf ~ AA^) ■.Vip+ I \S/uA\^u ■ ip + r]^ [ 

JbJv) Jb„(v) Jb. 



'Bpiy) -iBAv) JbAv) 

for every test function Lp G (B p(y) ^R?) . Moreover, it is easily seen that if = u — w belongs to the 
function space Hl{Bp{y),R!^)(^L°°{Bp{y)^R^) and therefore is an admissible test function. This implies 
together with (Al) and the Young inequality that 

|Vu-Vwp<Cp2/ + |Vu- Vwp+iV^ sup / |Vup 

P JbAv) JbAv) JbAv) bAv) JbAv) 

+ sup \u ~ w\ I I/I . 
BAv) JbAv) 
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Now, we absorb the term ^ Jg ~ Vwp on the left hand side and apply the Holder inequality 

with p = 3/ (2a + 1) to the last term on the right hand side in order to find the following estimate: 

^/ |Vu-Vwp<CpM |Vwp + TV^ sup |u - w| / \Vu\^ + Ct]^ sup \u - w\ p^'^+K 

2P JB,(y} JBpiy) B,(y) J B,{y) B,(y) 

For every x G Bp{y) and arbitrary (but fixed) z e dBp{y), we obtain with the help of ^ and an estimate 
similar to ^TU\\ that 

\u{x)-w{x)\ < \u{x) - u{z)\ + \u{z) ~ w{x)\ <CIo(—Y + C sup \u{z) - u\ <ClJ — Y. 

The reverse Poincare inequality (see Corollarv l4.ip and the easily verified fact that < C{p/cor)°' imply 
the estimate 



^<-T{-yi i. - ^ p + c,^/o (^) 



'B2p{y) 

With the help of the Jensen inequality and we obtain that 



/ \u-U2j^\^<( I \u{x)-u{z)\'^dzdx<CI^p^(—Y 
Jb.„(v) "0 Jb2„(v)Jb.„(v) ^cor/ 



'B2p{y) •'B2p{y)JB2piy) 

CQ CQ CQ 



(11) 



We can assume /o < 1, hence 

1 /• / n \ 3q-2 / n \ 3a-2 

-J \Vu-\7w\'<ClUcor)-'(^) +Crj\corf--'(-^) . 
P JB.iy) ^CorJ \corJ 

This together with /^^(cor)^" < Cq"Iq implies that 



3, \Vu-yw\' <CI^{cor)-'i^] . (12) 
P^JB.iy) ^corJ 

For < cr < p wc find with the help of ([2]) and the Campanato estimate (see Lemma [5. 3p that 



"1/* ^X/^ ^1/^ 



2 



Vcor/ Vcr/ \pJ p-^ JbMi) 



y.p I 

We estimate the remaining integral on the right hand side with the help of ([2]) (choose A = 0), ([T2|). the 
reverse Poincare inequality (see Corollary |43J, ([TT|) . and the fact that 77^(cor)^" < c§"/o as follows: 

/^^/S.to) P' JB,{y) P' JB.iy) 

<C/o^(cor)-2(^)'""Vc/o^(cor)-2(^)'""Vc^2(cor)2"-^(^)'"^' 
Vcor/ VcoT"/ Vcor/ 

/ \ 2a — 2 

<«5(«.)-(^) ^ 
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We conclude 

for all y € Bcgr{xo) and < ct < p < Cgr/i. We now define k = 1 + a/5 and p{(j) — {a/cor)icor for 
< cr < CQ{co/4:)'^~^r/4. This in particular implies that < cr < p(o') < Cor/4, and we obtain by the 
above estimate 



t3 



for all y £ i3co5(a;o) and < cr < Cq(co/4)'^ ^?'/4, where 7 = 6/71. Therefore, the Campanato lemma 
(see Lemma [5?T|) implies that Vw G C"^'^(B3e,.(a;o), K^""^) with 36* = cg(co/4)'*"V4- Moreover, we have 
the estimate 



\Vu{x) -Vu{y)\ < C/or-i 



\x - y\ 



for all X, y e Bzerixo). For a given a: G i33er(a:^o), we can now estimate the derivative Vw of u as follows: 
\Vu{x)\<~f \\7u{x) -Vu{y)\dy + C{er)-^ [ \Vu\ < Clor-'^ + Cr'^ ( - f |Vup 



We obtain with the help of the reverse Poincare inequality (see Corollary I4.ip that 

\Vu{x)\<CIor-^+Cr-^(^ f \u ~u,„,2r\^ + ij^r^A' <CIor-\ 

hence {2a > 1 and Rq < 1) 

r sup |Vu| < Cmax i ^ / \u — Uj.^^2r\^ , . 

Moreover, u is a weak solution of div(VMAA"^) = in B3gr{xQ) with Lipschitz continuous coefficients 
AA-^ and right hand side F ^ for every 1 < p < 00. With the help of the interior L^-regularity 
theory for linear elliptic systems, we obtain that u G H'^{B2er{xQ),M.^) (see [8]). Now, we can apply 
standard L^'-estimates for elliptic systems in non-divergence form and find u G W'^'^{Ber{xo),M.^^) for 
every 1 < p < 00. The Sobolev embedding theorem implies that u G C^''^{Ber{xo),M.^) for every 
7 G (0, 1), and the theorem is proved. □ 

Finally, we apply the small-energy-regularity theorem in combination with a covering argument to 
obtain our main result: 

Proof (of the main result). Let be a minimizer of with parameter < < 1. We use the constant 
comparison function f = ei to find that 



< E^{u„) < E^iei) = r,' / \H[e,]\' < Cr,' . (13) 

The idea is to use this estimate to guarantee for sufficiently small rj the smallness assumption of Theo- 
rem [6Tj Let now a; G 11 be an arbitrary point. If a; G fi, then satisfies assumptions (Al) and (A2) 
on D, with A = / and / = — u^j ■ H[uri] u^i thanks to Lemmas 12.11 and 12.21 The monotonicity 

formula (see Lemma [3.1^ and ([T3|) imply that j /bj(x)I^'"')I^ — C'(a;)?7^ for every < t < 3d{x), where 
3d{x) = dist(x, 9f2). We define A(a;) = 3C(a;) and obtain positive Sq{x), Rq{x), and 9{x) G (0, 1) as in 
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Theorem 16.11 For r{x) = niin{d(a;) , Ro{x)} we have that r{x) < Ro{x), Jg^ ^ ^^^^|Vu^p < A(a;), 
and thanks to the Poincare inequahty, we obtain 



C 



If X belongs to the boundary of il, then we have to use the reflection method as described in Section [2] 
More precisely, we flatten the boundary of ft with the help of the C^-diffeomorphism 4'x ■ Ux ^ from 
Lemma [^751 and define the function £ {Br^ , 5^) by reflection. Here, Ux is an open neighborhood of 
a; in K'^, tpx{x) = 0, tpxi^f^Ux) — , and w,, = u^o^px on flCiUx- Moreover, satisfies assumptions 
(Al) and (A2) on Br^ with A defined as in Lemma [2.31 and / = H[u^] — ■ H[u^]u^ (see Lemmas 
12.41 and 12. 5p . As above, the monotonicity formula (see Lemma 13. 2p combined with the transformation 
formula and ()13p implies that 



t J Bt 



for every < t < 3d(2:), where d{x) is chosen sufficiently small. For A(a:) = ?>C{x) we obtain positive 
5q(x), Ro{x), and 9{x) € (0,1) as in Theorem 16.11 Moreover, r{x) defined by r{x) = min {d{x),Ro{x)} 
satisfies r{x) < Ro(x), -^-^ f„ |Vu?;Ap < A(a;), and 



1 



where we have used the Poincare inequality and sup^^g^^ |A(?/)~^| < oo. Furthermore, we know that 

{x) U y ipx^{Be 

x£Q. xGdCl 

Due to the compactness of fi, there exist finitely many points xi, . . . ,Xn G ^ and Xn+i, ■ ■ ■ , Xn+m £ dfl 
such that 

n m 

C U Bei^x,)r{x,){xi) U U C„V,(5e(..„+,)r(x„+,)) • 
i=l i=l 

We define Ci{Vl) = max{Co(xi), . . . , Co(x„+™)}, <5o(ri) = min{(5o(xi), . . . , 5o(a;„+m)}, and r?o(^) = 
(5o(ri)^/Ci(ri). An application of Theorem 16 . 1 1 now shows that every minimizer u,q of E"^ with parameter 
<r]<r]o belongs to H'^{n,R^) f] C'^^^{n,R^) for every 7 e (0, 1) and ||Vm^||l~ < Co(0)r;. Moreover, 
Lemma 1 2 . 1 1 implies that 



9 ■ f 



for aU ip e C^(M.^,R^), where g G L2(f],R3) is a function. We conclude ^ = on dfl. This completes 
the proof. □ 
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